Abstract. For a given positive integers m and ℓ, we give a complete list of integers n for which their exist mth roots of unity x 1 , . . . , xn ∈ C such that x ℓ 1 +· · ·+x ℓ n = 0. This extends the earlier result of Lam and Leung on vanishing sums of roots of unity. Furthermore, we prove that for which integers n with 2 ≤ n ≤ m, there are distinct mth roots of unity x 1 , . . . , xn ∈ C such that x ℓ 1 + · · · + x ℓ n = 0.
Introduction
Let m be a positive integer. By an mth root of unity, we mean a complex number ζ such that ζ m = 1. That is, a root of the polynomial X m − 1. One can easily see that the roots of X m − 1 are distinct, in fact there are exactly m, mth roots of unity. Using the relationship between the roots and the coefficients of a polynomial, we see that the sum of all mth roots of unity, which is the coefficient of X m−1 in X m − 1, is zero. A natural question is: What are all the positive integers n for which there exist mth roots of unity x 1 , . . . , x n (repetition is allowed) such that x 1 + · · · + x n = 0. A beautiful result of T. Y. Lam and K. H. Leung [1] gives a complete classification of all such integers. Suppose m has prime factorization p Theorem 1. Let n be a positive integer. Then there are mth roots of unity x 1 , . . . , x n such that x 1 +· · ·+x n = 0 if and only if n is of the form n 1 p 1 +· · ·+n r p r where each n i is a non-negative integer for 1 ≤ i ≤ r.
Theorem 1 motivate us to ask the following: Question 1. Let m and ℓ be positive integers. What are all the positive integers n for which there exist mth roots of unity x 1 , . . . , x n such that x
Note that when ℓ = 1, the complete answer to Question 1 is given by Theorem 1. However, for ℓ ≥ 2, we do not find any results in this direction in the literature. Our objective here is to study the case when ℓ ≥ 2. First, we fix some notations. Let m be a positive integer, and let Ω m denotes the set of all mth roots of unity. For a positive integer ℓ, W ℓ (m) denotes the set of all integers n for which there exist n-elements x 1 , . . . , x n ∈ Ω m such that x It is clear that if m divides ℓ then W ℓ (m) is an empty set. Moreover, ζ m = 1 for each ζ ∈ Ω m . Hence, it is enough to consider those values of ℓ which is strictly less than m. Now, suppose that there are mth roots of unity, say, x 1 , . . . , x n such that x y 1 + · · · + y n = 0 with y i ∈ Ω m . This shows that for any positive integer m and ℓ, W ℓ (m) is a subset of W (m). It follows from Theorem 1 that, any positive integer n satisfying Question 1 must be of the form n 1 p 1 + · · · + n r p r where each n i is a non-negative integer for 1 ≤ i ≤ r. We prove in Section 2 that for such an integer n, the coefficient of n i is non-zero provided p i ∤ l ( see Theorem 2) . Moreover, in Section 3 we prove that for which positive integers n ∈ W ℓ (m), there are distinct mth roots of unity x 1 , . . . , x n such that x ℓ 1 + · · · + x ℓ n = 0 ( see Theorem 3). There are algebraic aspects why the Question 1 is important. For instance, for a positive integer a, denote by p a the power sum polynomial X a 1 + · · · + X a n of degree a. Let ℓ < k be two positive integers. In commutative algebra, one encounters the following situation: To show that the ideal p ℓ , p k generated by the polynomials p ℓ and p k is a prime ideal in C[X 1 , . . . , X n ], one need to show that the power sum polynomial X Proof. It is well known that Ω m , that is, the set of all mth roots of unity, form a group with respect to the multiplication of complex numbers. In fact, it is a cyclic group of order m, generated by the complex number ζ m = cos 2π/m + i sin 2π/m. There is a remarkable property about finite cyclic groups. Namely, if G is a finite cyclic group and l is a positive integer relatively prime to the order of G, then the map
is an automorphism of G (In fact, all the automorphisms of G are of the form (1) for some integer ℓ which is relatively prime to the order of G). It follows that, if ℓ is a positive integer which is relatively prime to m then every element of Ω m is a ℓth power of some element of Ω m . Thus, for an integer l which is relatively prime to m, the equation x 
vanishing of power sums of distinct roots of unity
Let m and ℓ be two positive integers. For an integer n ∈ W ℓ (m), the height H(n; ℓ, m) of n is defined to be the smallest positive integer h for which there are mth roots of unity x 1 , . . . , x n such that x ℓ 1 + · · · + x ℓ n = 0 and the maximum among the repetition of x i 's is h, that is, h is the maximum among the h i , where h i is the number of times x i appears in the list x 1 , . . . , x n . When ℓ = 1, we denote H(n; ℓ, m) by H(n; m). Note that H(n; ℓ, m) = 1 provided 2 ≤ n ≤ m. Gary Sivek [3] refined the work of Lam and Leung by proving that for any integers m ≥ 2 and 2 ≤ n ≤ m, H(n; m) = 1 if and only if both n and m − n are expressible as a linear combination of the prime factors of m with non-negative integer coefficients. Here we extend Sivek result to vanishing of power sums of distinct roots of unity: 
